
 

Final exam solutions

problem 1 Prove that it him Xn x

and X o then there exists ME IN
Such that Xu 0 for cell h M

Solution

Chok E such that O L E L X

Then by definition of limit F M E AV
such that

I xn XI SE it n M

Which means that

X E L xn L E X for all n M

As X E 0 for our choice A E

we obtain that Xn 0 for all n M

Mk



Problem 2 If f is a continuous

function on an interval aib and

ITCH 1 1 for all X E Carb show that

f is a constant function

Solution

Itai 1 1 fix can only take values II

Assume f is not a constant function then
we can find two points X E a b

such that fCXo1 1 fly t

As f is continuous it then takes all
intermediate values from 1 To tl on

the interval Xo X which is contradiction



Problem 3

let can and bn be sequences of real
numbers Suppose bn is monotonically

decreasing limbn 0 and lant fu bat
I

for all n E JN Proove that I am

converges absolutely

Solution

Ie an converges absolutely it taut

converges Partial sum Sn lait 1tant

and Ian bn but

Sn µ Edt Gz G t t bn hat b bat

clearly fiery Sn by fingalonti b

Problem 4
Suppose Xn is a sequence that is bounded

and such that X Xz X are distinct
Assume that the set Xn has just
one limit point X Proove that
the sequence is convergent and its limi
is X

Sl



Solution
Xn does not converge to X

Fix E 0 Then for each K E IV we

can find Xnk EL xn such that

link X1 E for his K

Indeed if such Xnk doesn't exist then

Xn H L E for cell h K

which means that Xn converges to X
Thus we have a subsequence Xm

As Xn is bounded Xm is also
bounded By WT Xm has

convergent subsequence and we denote
its limit y Note that Xty
by ht
We conclate that set Lxn has
at least 2 limit points x and y
Contradiction



Problem 5

Assume that f is differentiable foral.lx ER
If flo 1 and If 4 11 ft for all

ER Prove that that f Xt 1
for all 0

Solution By contradiction assume there is Xo o

such that 1 tho Xo 11 We have two cases

1 tho Xo 11 or 2 tho s Xo 1

In first case by intermediate value theorem
for derivative there is a point C o

such that

f k
t t o

L

It Cal I Contradiction

In second case similarly
ftp.HX to0 g

Xo 1 1

Xo

As the last number is negative we obtain

It'KY t

Contradiction Nhs



Problem 6
let fuk

n
x

a Show that fix is continuous

b Show that f Cx is differentiable

and compute its derivative Hint 21Wh EX'th

solution
a note is continuous for

any heel 2

note that 1 21 Entz
and the converges Thus by Weierstrass

M test the sum converges uniformly By
Continuous limit theorem flx is also continuous

b First note that 1 1 n 1230
2tn 321 1 hSo x2th2 2mn30

Next

K 2 t t nY p Enactments

thus by Weierstrass M test the sum



4 converges uniformly

Applying the theorem about uniform convergence
and titlerentiation we conclude that
fCx is differentiable and

fix E



Problem 7 let us define XER to be
a boundary point of a set A it

every neighborhood of X contains a point
in A and A let 2A denote the
set of all boundary points AA
Show that A is open it and only it

2A n A D
Solution
Assume 2A nA 0 then every EA
has a neighborhood which is contained in A
Indeed it for some x EA it is not

possible to find a neighborhood which

is entirely in A then every neighborhood
A A contains points in A thus

E 2A which contradicts An 2A 0

A is open

Assume A is open then by definition
each X E A has a heighborhood Va

such that VIX E A and thus Vlx AA 0
This means that X 2A
As this is true for all X E A we conclude
that An 2A 0



Problem8 Define f IR R by
fCx

5X X C Q
Itb Xf Ql

Prove that f is discontinuous at X l

and continuous at X 2

Solution X L

By definition f111 5 It f is continuous
at x l then Iim think 5 for any sequence xn

such that limXn Consider irrational sequence
for instance Xp It we have links

but Iim fkn 1 7 f is not cont atx 1

X 2

As 5 X and X 46 as functions on IR
are both continaceous V E o we can find
8 and 8 such that

110 5 12 E it 1 21 Life
110 1 7611 LE it 1 21281

choose 8 min 181,82 then clearly
110 fix ICE it 1 4 8



PRo Show that la.to
has the same cardinality as IR

Solution
Function f 1a to IR

x Ink a

does the trick

Problem 10

Given sets A and B define

AtB Latb a C A b EB
Prove that sup IA 113 sup A Sup B
Solution By definition of supremum

assuplA Fa EA

b f sup B t b EB
Thes

at b s supCA 1supcB tf atb C A 113
Thus supcAltsuplB is an upper bound d Atb
and Sap Atb E sup A 1 Sap1B

Now by definition A sup

atb E sup ATB Ha CA b C B
thus

as sup ATB b HaEA btB

This means that SuptAtB b is an upper bound



of A lor ang b E B thus

suplA E suptAtB b

In turn this implies that

b f sup ATB sup IA t b EB

thus sup ATB sup A is an upper bound A B
and so

suplB E suptAtB supIA

which means that sup A sup B S SuptAHD

Together with f we conclude

Sap ATB up1A supCB

Bha


