
 

Lecture 2 Completeness of 112
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Axiom of completeness

Every non empty subset of real numbers

A EIR that is boandedav.ba
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appeRboandI

Doesnt hold for Q
Def A set A ER is bounded from above
it there exists number bC

such that as b for all a EA

In this case b is called an upper bound A A
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upper found is not unique

I Oita no upper board

De A set A ER is bounded from
below it there exists a number
l Such that lfa

for all a E A

E lower bound of A

Exe I 0,1

o is Ok
I is 0k

I f D O there are no

lower bounds



Det A real number SERO
is leastupper bound of a set AER
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e s is an upper bound
it 8 is any Ood other upper

bound then SE b
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1 is an upper bound
let b sup II assume b I

then b s 1 then we can

find N large enemy so that
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Contradiction because I the C I

but I this b sup II Dg

Det Greatest lower bound

Notation inflA

Example I oil inflBI O
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Det aoE is a maximum

of a set A if ao is an element
of A and oo a for all a EA

Det a C B is a minimum



Example no max

I 0,2 int II O sup K2

I 0,2 inHI o sup 2 homax

I 0,2 int II o sup 1 2

Max I 2

I x EIR X L2 f E tr

sup I T2

inflI T2
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Axiom of completeness rational

Every non empty subset of Red numbers
A EtRQ that is bounded above
has a least upper bound S EQ

A L X EQ 5 2 T2 EI Q1

Dosh hold for Q
but it holds in R



E Prove that it a is an

element of A and is also
an upper bound of A then

it must be that a supCA

PRI A is bounded from above

By axiom of completeness
Here exists b C R b SapCA

b is the least upper bound
so by det of e a b we Koe know

that
X s b f X EA

in particular as b

As a app bound

b suplA
from definition of b a b
it a is any other upper bound

be a
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Prove that it a set A E R
has a least upper bound
that it is

unique

PRI Assume a least upper bound of
A is not uniye

S Sz E R so that Si sup A SESuplA

As S is l u b and Sz is other a lb

S E 52

At same time Sz is l u b and s is other u b

Sz E S

S Bs
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Show that f An B E FIA NFIB

proof
x C An B X E A and x C B

f A fix X E A

fix C FIA

f x C FCB
f G Efta nffB


